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In the present study, the sheet metal forming process with varying process parameter is simulated
using the adaptive finite element techniques. In an adaptive finite element simulation, the element
mesh is automatically refined, coarsened or mesh relocated optimally in areas of insufficient accu-
racy and sharp strain gradients. A recovery type error estimator based on the energy norm is used
for guiding the h-refinement. The simulation results of sheet forming process parameters, namely
type of forming process i.e. stretching and drawing, thickness of sheet and, sheet radius and punch
radius ratio, are presented and discussed. It is found that the efficiency of process simulation
increases with an increase in sheet thickness and decreases with an increase in radius ratios under
both stretching and drawing processes.
 2016 The Author. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The finite element method has won acceptance as a tool for
simulation of sheet metal forming operations. Forming opera-
tions on thin sheet cause complex deformations in the blank.
The nature of deformation in different portions of the blank
is generally different. It could range from pure stretching to
pure bending, to combined stretching and bending. The recent
trend in the simulations is the use of adaptive refined mesh to
increase solution accuracy and simulation reliability. Thepurpose of all adaptive simulations is to obtain numerical solu-
tions efficiently and economically, i.e. restricting the discretiza-
tion error within permissible limit at minimum computational
cost. Sheet forming processes are influenced by several param-
eters including dimensions of blank, size, and shape of the
punch, mechanical properties of the blank material, and radius
of the die corner. Tube hydro-forming process was investigated
by Jansson et al. (2007) for process parameter estimation such
as material feeding and inner pressure considering problem as
deformation controlled process. Adaptive mesh free simulation
of buckling in sheet metal forming was carried out by Lu et al.
(2005). The formability studies of metal in deep drawing
process and at elevated temperatures were carried out by
Lade et al. (2014) using finite element code LS-DYNA.
Kacˇianauskas et al. (2005) has solved the elastic–plastic
problem of SENB specimens using adaptive finite element
analysis technique. Adaptive remeshing technique to improveineering
2 Mohd. Ahmedthe simulation of metal forming processes utilizing the geomet-
rical and physical error estimators was proposed by Labergere
et al. (2008). Energy based adaptive strategy for plates and
laminates was presented by Rajagopal and Sivakumar
(2009). Solid element adaptive procedures with single and dou-
ble layer mesh were used by Chung et al. (2014) for simulation
of the sheet metal forming process. The adaptive simulation of
contact conditions in sheet forming processes was presented by
Ahmed et al. (2015). Suresh and Regalla (2014) studied numer-
ical efficiency of the sheet forming process maintaining the
same accuracy using shell elements with different element edge
lengths and adaptive mesh. An h-type adaptivity using geomet-
ric error indicator and based on the mesh free shell formula-
tion was developed by Guo et al. (2013) for the applications
in the sheet metal forming simulations. The literature review
indicates that research work related to effect of forming pro-
cess parameters under adaptive environment is scarce. The
objectives of the present work is to apply the velocity recovery
based adaptive finite element procedures to analyze the effect
of parameters, namely, forming process type (stretching and
drawing), blank parameters on the deformations during the
sheet metal forming process simulation. The adaptively refined
mesh zones, i.e. the indicators of the localized deformation
zones, and their distributions including the remeshing number
required to achieve the predefined accuracy under varying pro-
cess parameter are studied.
2. Finite element formulation
The basic equations for the finite element model for rigid plas-
tic or rigid visco-plastic material can be derived with the help
of the variational principle. It states that among all admissible
velocity fields (ui) that satisfy the conditions of compatibility,
incompressibility and the velocity boundary conditions, the
actual solution is one that makes the following functional (p)
stationary (Oh and Kobayashi, 1980).
p ¼
Z
V
r_edV
Z
Sf
FiuidS ð1Þ
where r, is the effective stress, _e is the effective strain rate and
Fi represents surface tractions.
In the dual variational problem, the first order variation of
the functional vanishes,
)dp ¼
Z
V
rd_edV
Z
Sf
Fidui dS ¼ 0 ð2Þ
The incompressibility constraint on the admissible velocity
field in Eq. (2) may be incorporated using a penalty term
(Zienkiewicz and Taylor, 2000) as given below.
dp ¼
Z
X
rd_edXþ k
Z
X
evd_evdX
Z
Cf
FiduidCf ¼ 0 ð3Þ
where k, a so-called penalty constant, is a large positive
constant.
Eqs. (2) and (3) may now be discretized in terms of nodal
point velocities v of different elements and their variation
dV. From arbitrariness of dVi, the following set of algebraic
equations (stiffness equations) are obtained.
@p
@vi
¼
X
J
@p
@vi
 
ðJÞ
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Eq. (4) can be simplified and expressed in the following
form.
K:dV ¼ f ð5Þ
where K is called the stiffness matrix and f is the residual of the
nodal point force vector.
The boundary in metal forming process at time t can be
assumed to be divided into three parts, namely S1 on which
velocity is prescribed, S2, which is free and S3 where frictional
contact occurs. The following conditions apply on each type of
boundary.
On S1 : ðv voÞ  n ¼ 0 ð6Þ
On S2 : r  n ¼ 0 ð7Þ
On S3 : Dvt ¼ ðv voÞ  t ð8Þ
where v, vo are the material and the die velocity, n & t are unit
vectors in the normal and tangential directions with respect to
the die surface respectively, and r is the stress tensor.
The constitutive equation relating deviatoric stresses (r/ij)
and strain rate (e*ij) is given as follows,
r0ij ¼ 2:
r
3_e
 
eij ¼ 2:leij ð9Þ
The interpolation equations for iso-parametric element can
be written as follows.
xðn; gÞ ¼ Nðn; gÞ  x and vðn; gÞ ¼ Nðn; gÞ  v
_e ¼ B  v ð10Þ
where n, g are the natural coordinates, N is the shape function
matrix and B is the strain rate matrix.
The global system equations are obtained from elemental
equations through an assembly procedure using the Eq. (4)
and (10). A two-point reduced integration is employed for
the penalty terms. The non-linear system equation is solved
by Newton–Raphson algorithm. To achieve convergence, lin-
ear line search technique has been used in the code. A tech-
nique based upon the least-squares fitting of velocity field
over an element patch has been used to extract derivatives
and stresses. An adaptively refined mesh is generated on the
basis of the computed error by uniform distribution of the
square of error in the elements of the domain until the global
error norm is satisfied and predefined solution accuracy is
obtained. The energy norm of the error is adopted for assess-
ing of the quality of the solution (Li and Wiberg, 1994) and h-
refinement scheme is employed for improving the mesh
(Zienkiewicz and Zhu, 1992).
3. Illustrative examples of forming process parameters
simulations
A two-dimensional finite element code AdSheet2, incorporat-
ing the adaptive procedures, was specifically developed for
the simulation of sheet forming operation. The validation
of the developed code is demonstrated by comparing the pre-
dictions of the forming load with those due to Garino and
Oliver (1992) and the results of the proposed code is in goodeet forming process parameters. Journal of King Saud University – Engineering
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Figure 2 Comparison of load–displacement curves.
Adaptive finite element simulation of sheet forming process parameters 3agreement with the literature results. Fig. 2 shows the plots of
forming load at different stages of deformation obtained in the
present study and those obtained by Garino and Oliver. The
code was used to simulate sheet stretching and deep drawing
operations by a hemispherical punch. The displacement of
punch is applied in incremental steps. Each displacement incre-
ment was such that it caused a maximum strain increment of
1%. The adaptive meshes for different process parameters at
different stages of deformation, and CPU times required for
analyses are studied. The predicted values of effective strain
and punch forces for selected process parameters are also dis-
cussed. Due to symmetry, only one half of the sheet was mod-
eled. The input parameters adopted were as follows.
Radius of blank, Rb = 66.0 mm;
Radius of the die corner Rd = 6.35 mm;
Velocity of punch V= 1 mm/s;
Blank-holder pressure (drawing) = 5 kN;
Sheet thickness (h) = 1 mm, 2 mm, 3 mm;
Blank to punch radius ratio (Rb/Rp) = 1.33, 1.50, 1.75;
Mesh size reduction factor = 1.2;
Target error = 7%.
Stress-strain relation r ¼ 589½0:0001þ e0:216 ð11Þwhere r and e are effective stress and effective strain
respectively.
Three cases of sheet thickness namely, 1 mm, 2 mm and
3 mm and three cases of radius ratio of blank to punch namely
1.33, 1.5 and 1.75 were considered for both sheet stretching
and drawing process. The radius ratio was taken as 1.33 for
studying the sheet thickness analysis. Sheet thickness of
2 mm was used for studying the effect of the radius ratio.
The number of elements with uniform mesh in the case of sheet
of thickness, 1 mm having two layers of elements, 2 mm and
3 mm having four layers of elements each were 590, 828 and
752 respectively and corresponding degrees of freedom were
2910, 3770 and 3382 respectively for 1 mm, 2 mm and 3 mm
sheet thickness (Fig. 1). The accuracy limit was taken as 7%
of the global error. Although the analysis provides detailed
numerical results for each time increments, the variations in
mesh only at a deformation of 20 mm, are studied.Thickness=3m
Thickness=2m
Thickness=1m
Figure 1 Initial uniform meshes for different thickness (t).
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The adaptive simulation computational outcomes for different
sheet thickness cases of stretching and drawing forming pro-
cess, with controlled solution error through the total deforma-
tion process, are shown in Table 1. Table 1 includes the
number of elements in initial mesh, number of mesh regenera-
tions (remeshings) required to get the 7% accuracy, elements in
adaptive mesh and total CPU time required for 20 mm defor-
mation. The peak effective strain values and punch load at dif-
ferent stages of deformations with various thicknesses are
shown in Table 2. The mesh plots at punch displacement of
20.0 mm for different thickness of sheet for radius ratio of
1.33 are shown in Fig. 3(a) and 3(b) respectively for sheet
stretching process and for sheet drawing process.
3.2. Sheet radius to punch radius ratio in stretching and drawing
process
The computational results for adaptive simulation of sheet
stretching and drawing process having different radius ratios
(sheet radius to punch radius) are shown in Table 3. The table
depicts initial mesh, number of meshing required to get the 7%
accuracy, elements in refined mesh and total CPU time
required for 20 mm punch displacement. The adaptive mesh
plots at punch displacement of 20.0 mm having blank and
punch radius ratios of 1.5 and 1.75 for sheet thickness of
2 mm are shown in Fig. 4(a) and (b) for sheet stretching pro-
cess and for sheet drawing process. Fig. 3 depicts the adaptive
mesh plots of blank and punch radius ratio of 1.33.
4. Discussion
4.1. Sheet thickness
The influence of an important process parameter of sheet
forming process namely thickness is studied through adaptive
finite element simulation that efficiently captures high stress/
strain gradient zones. These zones are the locations of localized
deformations. In such zones, mesh is automatically refined,
coarsen or mesh relocated in optimal fashion whenever theeet forming process parameters. Journal of King Saud University – Engineering
Table 1 Adaptive meshing detail and CPU time for stretching and deep drawing process for various sheet thicknesses.
Mesh detail and CPU time Stretching Deep drawing
h= 1 mm h= 2 mm h= 3 mm h= 1 mm h= 2 mm h= 3 mm
Initial mesh elements 590 828 752 590 828 752
No. of remeshings 1 5 2 2 2 4
Adaptive mesh elements 1395 1239 (1st) 1444 (1st) 2230 (1st) 1443 (1st) 1634 (1st)
1031 (last) 1195 (2nd) 1200 (2nd) 995 (2nd) 1602 (last)
Time (h:min) 8:15 7:00 6:30 9:45 4:00 3:00
Table 2 Peak values of effective strain for stretching and deep drawing process for various sheet thicknesses.
Punch displacement (mm) Stretching Deep drawing
h= 1 mm h= 2 mm h= 3 mm h= 1 mm h= 2 mm h= 3 mm
2.5 0.4247 0.4260 0.4476 0.4247 0.4260 0.4476
10.0 0.4928 1.9960 0.5812 0.4495 0.4530 0.4708
15.0 0.6164 2.0010 0.7967 0.4938 0.4931 1.9152
20.0 0.7724 2.0060 1.0732 0.5443 0.5290 2.2348
(i) Thickness = 1mm (ii) Thickness = 2mm (iii) Thickness = 3mm
(i) Thickness = 1mm (
(
(
ii) Thickness = 2mm (iii) Thickness = 3mm
a) Sheet Stretchin  Process
b) Sheet Drawin  Processg
g
Figure 3 Mesh plots of sheet forming Process for different sheet thicknesses with radius ratio of 1.33 at punch travel of 20 mm.
Table 3 Adaptive meshing detail and CPU time for stretching and deep drawing process for various radius ratios.
Mesh detail and CPU time Stretching Deep drawing
Rs/Rp = 1.33 Rs/Rp = 1.5 Rs/Rp = 1.75 Rs/Rp = 1.33 Rs/Rp= 1.5 Rs/Rp = 1.75
Initial mesh elements 828 828 828 828 828 828
No. of remeshings 5 1 1 2 1 1
Adaptive mesh elements 1239 (1st) 1480 1432 1443 (1st) 1259 1285
1031 (2nd) 995 (2nd)
Time (h:min) 7:00 12:10 14:15 4 7:15 9:05
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Figure 4 Mesh plots of sheet forming process for different values of radius ratio (Rb/RP) with thickness of 2 mm at punch travel of
20.0 mm.
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the Tabular results and mesh plots of 1 mm, 2 mm and 3 mm
sheet thickness under stretching and drawing operation, it is
found that an initial uniform mesh becomes adaptively non-
uniform and in other word, the locations of localized deforma-
tions in sheet forming processes are demarcated. More mesh
regenerations are required for a thicker sheet to achieve the
target accuracy. In stretching process, five mesh regenerations
are required for 2 mm thick while 4 mesh regenerations are
needed for 3 mm thick sheets in drawing process. In the first
mesh regeneration, the number of elements is increased but
with further regeneration, the number of elements is found
to decrease in all cases of blank thickness under both stretch-
ing and drawing processes. The element density is different in
the different portions of the sheet blank. The region of sheet,
not in the contact of either punch or die, of various sheet thick-
nesses has coarser element density as compared to other
regions which are in contact with punch or die, during the
sheet forming process. With the progress of the forming, the
sheet regions in contact with punch or die have zones of finer
elements for all sheet thicknesses. The lower sheet thickness
has finer elements zone in the non-contacted region also. The
finer element zones of contact regions are wider in case of
lower thickness of sheet but become narrower with an increase
in sheet thickness. It is observed from the adaptive simulation
of sheet forming operations with varying blank thickness that
the finer element zone moves gradually away from the center
of the sheet with an increase in the deformation in both
stretching and drawing processes. The distribution of highPlease cite this article in press as: Ahmed, M. Adaptive finite element simulation of sh
Sciences (2016), http://dx.doi.org/10.1016/j.jksues.2016.10.002mesh density zones and their movement describes the localized
deformation history during the sheet forming process. The
CPU time decreases with the increase in sheet thickness for
forming processes studied. The CPU time is more in sheet
stretching process than the sheet drawing process for thicker
sheet but it is less for lower sheet thickness. It was 9 h
45 min and 8 h 15 min for blank thickness of 1 mm under
stretching and drawing operation respectively. Table 2 depicts
that the values of peak effective strain for thicker blank are
higher as compared to thinner blank for sheet forming pro-
cesses. The comparison of peak effective strain using the uni-
form mesh and adaptive mesh given elsewhere (Ahmed and
Singh, 2008) indicates that the uniform mesh in simulation
suppresses the effective strains. The peak effective strain values
for 3 mm thickness of sheet are higher as compared to 1 mm
and 2 mm sheet thickness in drawing processes while effective
strain values for 3 mm thickness of sheet are higher as com-
pared to 1 mm and lower for 2 mm thickness of sheet in sheet
stretching process. For example, the peak values of effective
strain at punch displacement of 20.0 mm in sheet stretching
process are 0.7724, 2.0060 and 1.0732 respectively for 1 mm,
2 mm and 3 mm thickness of sheet.
4.2. Sheet to punch radius ratio
The role of the radius ratio (ratio of sheet radius to punch
radius) during the axi-symmetric stretching and deep drawing
process under adaptive environment is examined by varying
the radius ratio from 1.33 to 1.75. From the mesh plots ofeet forming process parameters. Journal of King Saud University – Engineering
6 Mohd. Ahmedadaptive results of various radius ratios, it is found that an ini-
tial uniform mesh of stretching and drawing process becomes
non-uniform after remeshing whenever the error of the solu-
tion exceeds the predefined limit and more r mesh regenera-
tions are required for a lower sheet to punch radius ratios. It
can also be noted that higher numbers of mesh regenerations
are required at a lower radius ratio in sheet stretching process
as compared to drawing process. The adaptively generated
high density mesh zone is wider under sheet-punch contact
region in stretching process simulation while this zone is wider
under sheet-die contact region in drawing process simulation.
It is also observed that relatively uniform coarse density mesh
is generated under non-contacted regions of sheet at lower
radius ratio in stretching process, while uniform coarse mesh
is generated at higher radius ratio in drawing process under
such regions. The CPU time of the sheet stretching and draw-
ing process increases with an increase in radius ratio. The CPU
time required for desired deformation is more in sheet stretch-
ing process than the time required in sheet drawing process.
CPU time was 7 h and 4 h respectively under stretching and
drawing process for ratio of sheet radius to punch radius of
1.33.5. Conclusion
A study of axi-symmetric sheet forming process with impor-
tant process parameters, namely, forming process type
(stretching and deep drawing process), the sheet thickness
and radius ratio (defined as the ratio of sheet radius to punch
radius) using the adaptive finite element simulation has been
carried out. The post-processing type of error estimator has
been employed to guide the refinement. The recovery scheme
for determining more accurate velocity field is based on the
least squares fitting of the computed velocities in elemental
patches. Three different cases of sheet thickness and radius
ratio for stretching and deep drawing process have been ana-
lyzed. The present adaptive finite element simulation study will
help to understand the complex deformation process and to
reduce the computational cost of high quality simulation of
the sheet forming process.
The significant conclusions of the study are summarized
below.
1. In the simulation of sheet forming process in adaptive envi-
ronment, the uniform mesh is automatically refined, coars-
ened or relocated in optimal fashion whenever the error of
the solution exceeds the predefined limit i.e. sheet is divided
into coarser and finer mesh zones. The fine mesh zones are
the locations of localized deformations. More number of
remeshing are required for thicker sheets and for lower
ratios of sheet to punch radius to keep the error below
the target limit.
2. More number of elements are required to achieve same tar-
get accuracy in draw forming process as compared to the
stretch forming process. However, distribution of elements
i.e. finer or coarser zones is similar in both sheet stretch
forming and draw forming processes. Also the number of
elements required to reach the predefined error are indepen-
dent of the initial uniform mesh used for different sheet
thickness. The final mesh has more or less same number
of elements for various sheet thicknesses.Please cite this article in press as: Ahmed, M. Adaptive finite element simulation of sh
Sciences (2016), http://dx.doi.org/10.1016/j.jksues.2016.10.0023. Two zones of high density mesh are observed in sheet form-
ing process for thicker sheets. However, there is more num-
ber of such zones for lower values of sheet thickness. The
zone of finer elements is located away from the center at
lower sheet thickness.
4. The finer element zone moves gradually away from the cen-
ter of the blank with an increase in deformation in the
adaptive simulation of the varying sheet thickness deep
drawing process while in the simulation of the varying sheet
thicknesses sheet stretching process, no such movement is
observed except for lower sheet thickness processing. Also,
the finer element zone is wider in the case of lower sheet
thickness but becomes narrower with an increase in sheet
thickness.
5. Two zones of high density mesh are developed for higher
values of radius ratios and more numbers of high density
mesh zones are observed for lower radius in the adaptive
simulation of sheet stretch forming and draw forming
process.
6. The efficiency of process simulation increases with an
increase in sheet thickness and decreases with an increase
in radius ratios.
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